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THE FIFTEENTH SUMMER MEETING OF THE 
AMERICAN MATHEMATICAL SOCIETY. 


THE fifteenth summer meeting of the Society was convened 
at the University of Illinois on Thursday and Friday, Septem- 
ber 10-11, 1908. The scientific proceedings were completed 
in four full sessions, on Thursday and Friday mornings and 
afternoons. The social gathering and dinner on Thursday 
evening at the University Club afforded much pleasure and 
satisfaction to the members present. 

The first session was opened with an address of welcome by 
Professor Townsend on behalf of the University of Illinois. 
Owing to the absence of Professor White, President of the 
Society, all sessions were presided over by Vice-President Pro- 
fessor G. A. Miller, except on two occasions while Professor 
Miller was presenting his own papers, when Professors Van 
Vieck and Ziwet respectively were called to the chair. At the 
close of the Friday morning session resolutions were adopted 
expressing the Society’s appreciation of the generous ho-pitality 
of the University of Illinois and its officers. 

The total attendance at the various sessions was over fifty, 
including the following thirty-eight members of the Society: 

Professor L. D. Ames, Professor G. A. Bliss, Dr. R. L. 
Borger, Professor W. D. Cairns, Dr. A. R. Crathorne, Professor 
D. R. Curtiss, Professor S.C. Davisson, Dr. E. L. Dodd, Profes- 
sor L. W. Dowling, Dr. O. Dunkel, Professor C. Haseman, Pro- 
fessor E. R. Hedrick, Mr. T. H. Hildebrandt, Professor C. N. 
Haskins, Dr. L. Ingold, Professor O. D. Kellogg, Professor H. 
W. Kuhn, Dr. E. B. Lytle, Dr. W. R. Longley, Professor G. A. 
Miller, Professor Max Mason, Dr. C. N. Moore, Professor 
H. B. Newson, Dr. L. T. Neikirk, Mr. E. W. Ponzer, 
Professor W. H. Roever, Professor H. L. Rietz, Professor 
D. A. Rothrock, Professor J. B. Shaw, Professor H. E. 
Slaught, Mr. L. L. Silverman, Professor E. J. Townsend, 
Professor J. H. Tanner, Dr. A. L. Underhill, Professor E. B. 
Van Vleck, Professor E. J. Wilezynski, Professor J. W. Young, 
Professor A. Ziwet. Professor M. Abraham, of the University 
of Géttingen, Germany, was also present. 

At the meeting of the Council on Thursday evening, the fol- 
lowing persons were elected to membership in the Society : Dr. 
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G. G. Chambers, University of Pennsylvania ; Dr. G. M. Con- 
well, Yale University; Mr. F. F. Decker, Syracuse Uni- 
versity; Mr. W. F. Ewing, California Polytechnic School ; 
Professor A. E. Haynes, University of Minnesota; Mr. P. H. 
Linehan, College of the City of New York; Mr. H. F. Mac- 
Neish, University High School, Chicago; Mr. Lewis Omer, 
High School, Oak Park, Ill. ; Professor J. C. Stone, State Nor- 
mal College, Ypsilanti, Mich. Six applications for member- 
ship in the Society were received. The total membership is 
now 598. 

The following papers were read at the summer meeting : 

(1) Professor Epuarp Srupy: “ Zur Differentialgeometrie 
der analytischen Curven.” 

(2) Professor L. E. Dickson : “On definite forms in a finite 
field.” 

(3) Professor G. A. MILLER: “ Answer to a question raised 
by Cayley as regards a property of abstract groups.” 

(4) Mr. ArRNoLD DrespEN: “The second derivatives of 
the extremal integral.” 

(5) Dr. O. E. GLenn: “On the decomposition of forms 
into quadratic factors.” 

(6) Dr. Louts Incotp: “On the Kowalewski integral.” 

(7) Professor L. D. Ames: “ A method for the approximate 
solution of n equations in n unknowns.” 

(8) Professor OskAR Boiza: “ Heinrich Maschke : his life 
and work.” 

(9) Professors G. A. Buiss and Max Mason: “ Fields of 
extremals in space.” 

(10) Professor J. B. Saw: “ Qualitative algebra.” 

(11) Professor Virgin SNyDER: “Construction of plane 
curves of given order and genus having distinct double points.” 

(12) Dr. ArrHuR Ranum: “ The divisions of riemannian 
space into congruent parts.” 

(13) Dr. AkTHUR Ranum: “ Parallelopipeds in lobachev- 
skian geometry.” 

(14) Dr. F. L. Grirrin: “ Families of central orbits related 
to circular trajectories.” 

(15) Dr. F. R. SHarpe: “ The identical relations of the 
strain and stress components of an elastic solid.” 

(16) Professor Snyper: “Surfaces derived from 
the cubic variety having nine double points in four dimensional 
space.” 
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(17) Professor L. E. Dickson : “ On Fermat’s last theorem.” 

(18) Professor L. E. Dickson : ‘ Rational reduction of two 
quadratic forms” (preliminary communication). 

(19) Dr. W. R. Loneey : “ Note on implicit functions.” 

(20) Professor E. B. Witson: “ Note on statistical me- 
chanics.” 

(21) Professor E. J. WiLczyNsk1: “ A projective generaliza- 
tion of Meusnier’s theorem.” 

(22) Professor E. R. HEprick : “On the convergence of 
the jacobian.” 

(23) Professor EpwarD KasNneR: “ Conformality in con- 
nection with functions of two complex variables.” 

(24) Professor G. A. MILLER: “Groups with regard to 
modular systems.” 

(25) Professor J. W. Youne: “ Two-dimensional chains 
and the classification of complex collineations in a plane (second 
paper).” 

(26) Mr. J. H. MacLaGan-WEDDERBURN: “ On the direct 
product in the theory of finite groups.” 

(27) Professor W. B. Fire: “The class of a group all of 
whose operations except identity are of order three.” 

(28) Dr. C. N. Moore: “ The summability of the develop- 
ments in Bessel functions, with applications.” 

(29) Professor E. J. TowNsEND : “ Interchange of order of 
differentiation.” 

(30) Professor H. B. Newson: “On characteristic equa- 
tions.” 

(31) Professor L. W. Dow.tne : “ The arrangement of the 
real branches of a plane sextic curve.” 

(32) Professor C. N. Haskins: “On the second law of 
the mean.” 

(33) Dr. L. I. Hewes: “ Necessary and sufficient conditions 
that an ordinary differential equation of the first order and nth 
degree shall admit a continuous conformal group.” 


In the absence of the authors, the papers of Professor Study, 
Professor Dickson, Mr. Dresden, Dr. Glenn, Professor Snyder, 
Dr. Ranum, Dr. Griffin, Dr. Sharpe, Professor Wilson, Pro- 
fessor Kasner, Mr. Maclagan-Wedderburn, and Professor Fite 
were read by title. Professor Bolza’s memorial of Professor 
Maschke was read by Professor Bliss. The papers of Professor 
Dickson and Professor Fite were commented upon by Professor 
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Miller, and the main results of Mr. Dresden’s paper were pre- 
sented by Professor Bliss. 

Professor Snyder’s first paper appeared in the October 
Bu.uetin. Professor Miller’s first paper and Professor Bolza’s 
memorial of Professor Maschke are included in the present 
number of the BULLETIN. Professor Study’s paper will appear 
in the Transactions. Abstracts of the other papers follow be- 
low. The abstracts are numbered to correspond to the titles 
in the list above. 


2. Defining a definite form to be one which represents only 
squares in a given field, Professor Dickson determines all m-ary 
definite forms of degree < 8 in each Galois field of order p”, 
p>2. It is shown that every definite quartic form is formally 
a perfect square. A like result holds for definite sextic forms 
when p"=13; but for p*=11 there occur additional types. 
The paper has been offered to the Transactions. The simplicity 
of the modular types is in marked contrast to results obtained 
in the algebraic theory by Hilbert, Acta Mathematica, volume 
17, page 169. 


4. In Mr. Dresden’s paper the extremal integral is used for 
the derivation of necessary conditions for a minimum of the 
integral 


te 
F(z, 2, y at 


in the case of one or two variable endpoints and for the case of 
‘discontinuous solutions.”” The second derivatives of the. ex- 
tremal integral are computed in order to discuss the second 
variation of the definite integral in these different cases. The 
results for the cases of one or two variable endpoints are iden- 
tical with those previously obtained by Bliss. In the problem 
of the “discontinuous solutions” the conclusion is, in appear- 
ance, directly in contradiction with results established by Cara- 
théodory and Bolza. This contradiction is however shown to 
exist in appearance only, by means of a relation between Weier- 
strass’s E-function and Carathéodory’s invariant Q, a relation 
which furthermore makes possible a simple proof of a theorem 
previously proved by the last-named author. 


5. The decomposition of ternary and quaternary forms into 
linear factors has been studied by Junker incidentally in a me- 


| 
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moir on symmetric functions in the Mathematische Annalen, 
volume 45. In Dr. Glenn’s paper the methods of Junker are 
extended and supplemented to construct the theory of decom- 
position of forms into quadratic factors. The first part of the 
paper is devoted to the relations which exist among the coeffi- 
cients of a form in order that it degenerate into such factors. 
In the second part the original form is assumed to be degen- 
erate, and the component quadratic forms completely deter- 
mined. The paper forms a new section of an extended investi- 
gation on degenerate curves and surfaces, previously communi- 
cated to the Society. 


6. G. Kowalewski, in his paper “ Ueber den zweiten Mittel- 
wertsatz der Integralrechnung ” * has introduced a generaliza- 
tion of the Riemann integral. The notion involves two func- 
tions u(x), v(x) defined in an interval a-b. This interval is 
divided into subintervals by the points z,= a, x,, x,, ---, x,=b. 


The sum d(o(a,) — )u(E) is formed, where is any 


value of x in the ith interval. If this sum apptoaches a unique 
limit when u increases indefinitely in such a way that the 
greatest subinterval approaches zero, this limit is denoted by 
f "udv. This clearly coincides with f "uv! da whenever the latter 
has any meaning. 

In the article referred to it is shown that f udv, in the above 
sense, exists, 1) if wu is continuous and v is of limited variation ; 
2) if u is integrable and v is a definite integral function. 

The principal results of Mr. Ingold’s paper follow : 

(1) A necessary and sufficient condition for the existence of 
the Kowalewski integral is that it be possible to make 2@,u|A +| 
arbitrarily small by making the largest subinterval small enough, 
wu being the oscillation of u in the ith interval and A, stand- 
ing for v(x,) — v(x,_,). 

(2) If wu is integrable, it is sufficient for the existence of 
} udv that v be continuous and Av/Az be bounded. This last 


condition on v, however, may be waived in neighborhoods about 
points of a reducible set. 

(3) The elementary formulas for integration hold when the 
variable is replaced by a continuous function if the integral is 
then regarded as a Kowalewski integral. 


* Math. Annalen, vol. 60, pp. 151-156. 
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7. Professor Ames gives 2 method for the approximate solu- 
tion of n equations in x unknowns under very broad restrictions 
on the functions involved. The method is a generalization of 
Newton’s method in one unknown and is based on Taylor’s the- 
orem. A rough guess is made as to the solution, and succes- 
sive approximations are obtained after the manner of Goursat’s 
proof for the existence of implicit functions. A geometric inter- 
pretation is suggested in the case of two equations. A conver- 
gence test analogous to Goursat’s is obtained, which can be 
applied after a sufficient number of approximations have been 
made, and which yields a limit of error for the root. While the 
work is analogous to Goursat’s, and can be put in much the same 
form, the problem is essentially different, in that he assumes the 
existence of one point which satisfies the given equations, and 
that is what is sought in the present case. It is also found more 
convenient to handle the equations directly along the lines of 
Newton’s method rather than to make Goursat’s somewhat 
arbitrary transformation. The process frequently converges 
rapidly even though the first guess is far from a root. If the 
equations are algebraic the method can be carried out by syn- 
thetic division in a form which is a precise generalization of 
Horner’s process, though this is probably not advisable in 
general. 


9. The minimizing space curves for the integral 


J= Yy, 2, y’, 


form a four-parameter family. Of special interest are the,two- 
parameter families which pass through a given point, or are 
cut transversely by a given curve or surface. Such families 
occur when the integral J is to be minimized with respect to 
curves which join two fixed points, or which have one end 
point fixed while the other is free to vary on a fixed curve 
or surface. In the study of the sufficient conditions which in- 
sure a minimum for the integral J under these conditions, it is 
essential to know that such two-parameter families fill out 
simply a portion of space about the point through which they 
all pass, or about the curve or surface by which they are cut 
transversely. The minimizing curves, the extremals, are said 
to form a field in the region for which this property holds. The 
field proofs for the analogous cases in the plane have already 
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been made. (See Bolza, Vorlesungen iiber Variationsrechnung, 
page 249 ; or Lectures on the calculus of variations, page 175 ; 
Bliss, “ The construction of a field of extremals about a given 
point,” BULLETIN, volume 13 (1906), page 321. See also 
Bolza, “‘ Existence proof for a field of extremals tangent to a 
given curve,” Transactions of the American Mathematical Society, 
volume 8 (1907), page 399.) It is shown in the paper of Pro- 
fessors Bliss and Mason that the extremals through a fixed 
point, or the extremals to which a given curve is transversal, 
form a field. In these cases the functional determinant of the 
equations to be solved vanishes at the point, or along the curve 
in question. By a transformation of the variables the equations 
are reduced to a set whose functional determinant does not 
vanish, and the solution is then obtained by the aid of the 
theory of implicit functions. 


10. Professor Shaw’s paper deals primarily with the various 
forms of products in qualitative algebra, by which term is 
meant general algebra, universal algebra, multiple algebra, and 
the like. The different kinds of products are classified and 
examined in turn. Various formulas are deduced for the more 
important forms. 


12. Corresponding to every finite discontinuous group of 
movements of order m in euclidean or non-euclidean geometry, 
there is a division of space into m congruent parts. In the case 
of riemannian space the groups were determined by Goursat and 
found to be of fifty-one distinct types. In the present paper 
Dr. Ranum derives the corresponding divisions of space. The 
boundaries between them are taken to be Clifford surfaces of 
radius }7. Solids having many of the properties of euclid- 
ean parallelopipeds play an important réle. Study’s remark- 
able correspondence between straight lines of riemannian space 
and pairs of points lying on a pair of spheres in euclidean space 
is utilized to great advantage. 


13. In his second paper Dr. Ranum gives a classification of 
most important solids in lobachevskian space whose properties 
are analogous to those of parallelopipeds in euclidean space and 
which degenerate into parallelcpipeds when the space becomes 
euclidean. 


14. Dr. Griffin considers the circle as a central orbit, its 
center not coinciding with the center of force, and shows that 
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all families of such orbits are characterized by two invariant 
properties. He then discusses the question of the most gen- 
eral laws of central force admitting families of trajectories pos- 
sessing one or the other of these properties ; and, in particular, 
points out for the more usual laws the families in question. 


15. The 6 components of strain of an elastic solid are linear 
functions of the derivatives of the 3 displacements. Six iden- 
tical relations between the components were first given by St. 
Venant. Dr. Sharpe shows that there are 15 such relations, of 
which only 3 are independent. The 6 components of stress are 
linear functions of the 6 components of strain and are therefore 
subject to 15 similar relations. In the case of equilibrium 
under surface tractions alone there are 3 additional equations of 
equilibrium. Six identical relations between the stress com- 
ponents were first given by Beltrami. It is shown in this 
paper that the number of relations between any of the 6 com- 
ponents is equal to their number and that all but one of these 
are independent. 


16. In the Turin Memoirs for 1888 Professor Segre studies 
a large number of forms of cubic varieties in four dimensional 
spaces. He also discusses the apparent contour in ordinary 
space, and various congruences having the contour for complete 
focal surface. The treatment is entirely synthetic, and no case 
is treated in detail. Professor Snyder considers the case of the 
cubic variety having nine double points from the analytic 
standpoint, and derives two new forms of (3, 3) congruences. 
The first has a focal surface with two plane cubic cuspidal 
curves and three triple planes, each containing six double 
points. The other case presents a family of congruences all 
contained ina fixed linear complex. The focal surface of order 
and class six is complete focal surface for six such congruences. 
It has a space sextic for cuspidal curve, nine double points, and 
nine double planes. Through each point pass five planes and 
in each plane lie five points. 


17. Fermat’s equation 2* + y* + z*=0 is proved to be im- 
possible in integers prime to n for every odd prime n < 7000. 
The method is based upon the corresponding congruence 
modulo p, where p is a prime of the form mn + 1. For each 
m < 74 and for m = 76 and 128, all the primes p are deter- 
mined for which the congruence has solutions. The results are 
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given in two papers now appearing in the Messenger of Mathe- 
matics. In a subsequent paper, offered to Crelle’s Journal, 
Professor Dickson establishes by means of the cyclotomic 
theory the theorem that, when m exceeds a certain cubic function 
of n, the congruence has a set of solutions prime to p. This 
theorem is in contrast to the known result, admitting of imme- 
diate proof, that, for a fixed value of m prime to 3, the con- 
gruence has no solutions except when n has one of a finite set 
of values. 


19. In the case of one equation f(x, t) = 0 (where f is ex- 
pansible in positive integral powers of x and ¢ and f(0,0) = 0), 
defining a function x of one independent variable ¢, the condition 
that the jacobian shall be different from zero (for x = t = 0) is a 
sufficient condition that the function x shall be defined uniquely 
as a series in positive powers of ¢ vanishing with ¢. If f(x, ¢) 
does not contain ¢ as a factor, the condition is also necessary for 
a unique solution. 

In the case of two equations f(x, y, t)=0, o(x, y, t) =0 
(where f and g are expansible in positive integral powers of 
x, y, tand f(0, 0, 0) = 0, g(0, 0, 0) = 0), defining x and y in 
terms of t, the condition that the jacobian shall be different from 
zero (for x = y =t = 0) is a sufficient condition that 2 and y 
shall be defined uniquely as series in positive powers of ¢ vanish- 
ing with ¢. Supposing that neither f(x, y, ¢) nor 9(2, y, #) con- 
tains ¢ as a factor, the condition is however not necessary for a 
unique solution. It is shown in Dr. Longley’s note that the 
condition that the jacobian shall be different from zero is a 
special case of more general conditions upon f and g in order 
that x and y shall be defined uniquely as series in positive powers 
of ¢ vanishing with ¢. For certain special cases in which the 
jacobian vanishes, the general conditions furnish practical cri- 
teria which are analogous to the ordinary jacobian condition. 
The general method can be extended to any number of equations. 


20. Professor Wilson discusses the analogy between hydro- 
mechanics and statistical mechanics. In case the number of 
degrees of freedom of the dynamical system which is to be 
treated statistically is n = 1, tolerably satisfactory results are 
obtainable ; when n> 1 the equations of the fictitious fluid 
which represents the statistical problem must in general be 
more complicated than the hydromechanic type. A discussion 
of the physical dimensions of the quantities arising in connec- 
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tion with the analogy discourages the attempt to find a medium 
which shall satisfactorily represent the problem. 


21. Meusnier’s theorem may be stated as follow: Consider 
those sections of a surface made by planes which pass through 
a fixed point and a fixed tangent of the surface. The circles 
which osculate these plane sections at the fixed point common 
to all of them generate a sphere. 

In Professsor Wilezynski’s generalization osculating conics, 
i. e., conics having fourth order contact with the plane sections, 
take the place of the osculating circles. Their locus is a 
quadric surface. 

The detailed discussion of special and exceptional cases gives 
rise to some interesting results. The author also considers the 
surface which is the locus of the osculating conics of those plane 
sections which contain the directrix of the second kind of the 
surface point considered. If we think of this directrix as a 
projective substitute for the normal, this consideration may 
be characterized as a projective generalization of Euler’s 
theorem. 


22. Criteria for differentiation of a series of functions of a 
real variable term by term have been a subject of serious study 
and are now well known in several forms of varying sharpness. 
In general they require that the series which results upon at- 
tempted differentiation should converge uniformly, with a 
further condition upon the original series which essentially re- 
quires its uniform convergence, though this is redundant with 
the previous requirement and may be partially suppressed in the 
statement of the theorem. 

Similar criteria for the term by term differentiability of series 
of functions of a complex variable are usually stated, but the 
conditions are apparently smaller on account of the usual 
assumption that the function is analytic. 

Professor Hedrick’s paper considers in a similar manner the 
convergence of the jacobian of a set of transformations which 
approach a limiting transformation, or, what is the same thing, 
of a set of unrestricted functions of a complex variable which 
approach a limiting function. It is shown that the jacobian of 
the limiting transformation is the limit of the sequence of jaco- 
bians, if the series which arise from partial differentiation of the 
functions defining the sequence of transformations each converge 
uniformly. Moreover, it is shown that if the transformations 
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converge uniformly, and if the jacobians converge uniformly, 
the jacobian of the limiting transformation is the limit ap- 
proached by the jacobians. 

These statements appear in more elegant form with the nota- 
tion of the theory of functions of a complex variable, in its non- 
specialized form. Theorems analogous to each of the preceding 
are stated for an uncountable set of functions which cluster 
about a given function. 


23. In the theory of functions of two complex variables 
z2=x2+iy,w=2 + iy’, the transformations of importance are 
of the form Z = ¢(z, w), W = (z, w), where ¢ and ¥ are gen- 
eral analytic functions. In the four-dimensional space with 
cartesian coordinates x, y, x’, y’, these transformations are not 
conformal, and Poincaré in his recent paper in the Palermo 
Rendiconti therefore employs (provisionally) the term regular. 
Professor Kasner obtains several] geometric characterizations of 
the regular transformations. Two linear systems of planes are 
converted into themselves and only the angles situated in these 
planes are left invariant. The family of surfaces affected con- 
formally is easily derived. The simplest characteristic invariant 
(pseudo-angle) is connected with the intersection of a line with 
a three-dimensional variety. In conclusion certain finite sub- 
groups are considered: the 9-parameter conformal group, the 
linear, and the linear fractional groups. 


24. Professor Miller’s second paper ‘is composed of two dis- 
tinct parts. The first is devoted to a list of all the possible 
modular systems of the form [mod p, ¢(a)] by means of which 
the abstract abelian groups whose orders do not exceed 12 may 
be represented as congruence groups. This part may be re- 
garded as complementing, along a certain line, the articles of 
Kempe and Cayley in which all the possible abstract groups 
whose orders do not exceed 12 are considered at some length. 
The second part is devoted to a few general theorems relating 
to the-representation of abstract groups in regard to Kronecker’s 
modular systems. Among the theorems proved in this part 
are the following: It is not possible to represent every abstract 
abelian group as a congruence group in regard to some modular 
system. The lowest group which does not have the property 
that it may be represented by a complete set of prime residues 
with respect to a modular system is of order 5. If $(x) is the 
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product of k distinct irreducible functions (¢,, ¢,, ---, $,), then 
the residues which are prime mod p, ¢(x) constitute the direct 
product of the groups with regard to the separate modular 
systems p, >,; p,$,; ---; $,- The number of the invariants 
equal to p* in the group formed by the prime residues mod 
Pp, is — 2¢'[n/(p*)] + €[n/(p**’)], where 
é[x] is the largest integer which is less than x The last 
theorem is regarded as especially interesting in view of the 
fact that it exhibits the marked difference between the properties 
of these groups and those formed by the numbers which are 
prime to p”, when they are combined by multiplication and 
the products are reduced mod p”. 


25. A complex projective space S, of n (complex) dimensions 
is defined analytically as the totality of points (x,, x,, ---, 2,), 
where the homogeneous coordinates x, are any complex num- 
bers not all zero. A projective transformation in this space is 
represented by a linear homogeneous transformation on the 2, 
with complex coefficients. The totality of points whose coor- 
dinates are real form a subspace FR, of n (real) dimensions in 
S. Every subspace of S, which is obtained by subjecting R,, 
to a collineation in S, is called an n-dimensional chain in S,, 
or more briefly an n-chain. 

In a paper presented to the Society at its last April meeting 
in New York (abstract in BULLETIN, volume 14 (June, 1908), 
page 411), Professor Young developed certain properties of 
the two-chains of a complex plane and applied the results to the 
classification of the collineations in a plane “ with respect to 
reality.” The present paper continues the investigation there 
begun by effecting a classification “ with respect to reality ” of 
the continuous groups of collineations ina plane. The object 
is to enumerate all types of such groups which leave a two- 
chain invariant ; every such group can evidently be transformed 
into one in which all the coefficients of every collineation are 
real. Two groups leaving the same two-chain invariant are 
regarded as equivalent, if and only if they can be transformed 
into each other by a collineation leaving the same two-chain 
invariant. The treatment of the problem is very largely syn- 
thetic and on the basis of the results of the first paper and with 
the help of the known lists of the groups of collineations in a 
plane (cf. Newson, American Journal, volume 24, page 169, 
and Meyer, Chicago Congress Papers, page 188) offers little 
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difficulty. The author finds seven types of groups in addition to 
those obviously obtainable from Newson’s list by restricting the 
invariant elements to be real, or from Meyer’s list by restricting 
the coefficients to real values. That the enumeration is com- 
plete rests on Lie’s theorem that every continuous group with 
real coefficients gives rise to a complex group of the same num- 
ber of parameters, if the parameters are allowed to assumed 
complex values. 


26. Mr. Wedderburn shows that, if a group be expressed 
in two distinct ways as a direct product of prime factors (a 
group being prime if its only factors are itself and the identity), 
the factors in one series are simply isomorphic with the factors, 
taken in a suitable order, in the other series. Further proper- 
ties of such series are established. The paper will be offered 
to the T’ransactions. 


27. The main result in Professor Fite’s paper is that a group 
all of whose operations, except identity, are of order three is 
abelian, metabelian, or of classthree. It is also shown that such 
groups of class three exist. 


28. In this paper Dr. Moore discusses the summability of 
the development of an arbitrary function in terms of Bessel 
functions. Sufficient conditions upon the arbitrary function are 
obtained that the development should be summable* to the 
value of the function at every point of the interval O<2#<1 
at which the function is continuous and should be uniformly 
summable throughout any sub-interval of an interval in which 
the function is everywhere continuous. The converyence 
factors which occur in connection with these developments in 
the investigation of problems in the flow of heat are then dis- 
cussed and the theorems established are used in showing that 
the formal results obtained by the methods of Fourier really 
furnish the desired solution of the problems. 


29. Professor Townsend called attention to the fact that the 
conditions usually given for the interchange of the order of 
differentiation involve the continuity with respect to the two 
variables taken together of the partial derivatives concerned. 
He then showed that by a slight modification of the proof given 


* The definition of a summable series here adopted is the same as that 
used by the writer in a previous paper (Cf. Trans. Amer. Math. Soc., vol. 8 
(1907), p. 299). 
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by Schwarz* it can be shown that whenever Of/0z, Of/dy, 
&*f/Oxdy exist and are continuous with respect to each variable 
separately, the partial derivative 0?f/Oy0x exists also and is 
equal to &f/Oxdy. 


30. In abstract Professor Newson’s paper is as follows: Let 
T be a linear transformation in x variables, thus : 


, ° 
pe; = a2, +- (¢= 1, 2,---, m). 


Let the determinant of 7 be such that 7 represents a collinea- 
tion of the most general type in S__,, a space of m — 1 dimen- 
sions. It leaves invariant n linearly independent pends fe 

(i=1,2,---,n). Let A, 1, 2,---,n) ben independent 
constants wile that A,/A, (i = 2, ---, A are the cross ratios of 
the n — 1 one-dimensional projective transformations along the 
invariant lines A,A, (i = 2, ---,). The linear transformation 
T may now be written in the explicit normal form, as follows : 


0 
T pa, = A, A, 


The de of the normal form of is D =X, ---A,A", 
where A=|A,|. The characteristic equation of the normal 
form of T bral up into linear factors, thus : 


II [e+ =0. 


If p/A be replaced by p’, the roots of the characteristic equa- 
tion in p’ are (— 1)"*'A, (¢ = 1, ---, n). 


31. Professor Dowling’s paper is in abstract as follows: The 
equation of any proper sextic having nine double points may be 
reduced to the form AS + U*=0, where S=0 is one such 
sextic and U=0 is a cubic passing through the nine double 
points. Elliptic sextics having nine crunodes are of three 
forms: a single even branch crossing itself nine times, two odd 
branches, or two even branches. 

Choosing X in such a way that the sextic ao + U*?=0 pos- 


wal. II, p. 275. 


| 
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sesses the maximum number of connected loops, i. e., loops 
within which AS + U? has the same sign (this maximum num- 
ber is nine), the sextic «(AS + U*) = V’, for proper values of ¢ 
and when J crosses the nine loops of AS + U? = 0, consists, in 
general, of nine ovals within the loops of AS+ U?=0. But 
when U is unipartite and V is bipartite the sextic «(AS+ U’)= V? 
has in addition two ovals, one within and one without the 
oval of V. 

This method of building up the general sextic from a 
crunodal elliptic sextic prevents the escape of ovals from the 
loops of the elliptic sextic and at the same time insures the maxi- 
mum number of branches which a sextic may have. It more- 
ever shows the necessity for the nested branches of the sextic. 


32. Professor Haskins’s note points out that the methods 
used in the proof of the second law of the mean by applica- 
tion of the fundamental theorem of Fourier’s constants * apply 
to the intervals of Lebesgue as well as to those of Riemann. 


33. If we write an ordinary differential equation of the first 
order and nth degree in the minimum coordinates u = x + iy, 
v =a — iy, it has the form 


+ 
(1) 
(3 = dv/du). 


A necessary and sufficient condition that this differential equa- 
tion admit the conformal infinitesimal transformation 


is found from the invariants. There are n — 1 invariants in- 
volving the coefficients a and these lead to n — 1 involving the 
first partial derivatives of a. For the above property it is then 
necessary and sufficient that these 2n — 2 invariants be func- 
tions of the same harmonic function. 

The theory is applied to the equation of the second degree 
mw + a,7 + a, = 0 and to a concrete example of this type. 
H. E. Siaveut, 

Acting Secretary. 


* Cf. Haskins, Annals of Math., ser. 2, vol. 9 (1908), p. 173. 
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ANSWER TO A QUESTION RAISED BY CAYLEY 
AS REGARDS A PROPERTY OF 
ABSTRACT GROUPS. 


BY PROFESSOR G. A. MILLER. 


(Read before the American Mathematical Society, September 10, 1908.) 


In 1859 Cayley * gave an enumeration of the possible ab- 
stract groups of order 8, and at the end of the note devoted to 
this subject he considered briefly the groups defined by two 
operators 8,, 8, satisfying the following conditions : 


==: 1 8,8, = 8,81. 


He remarks, “the group corresponding to k = 1 is distinct 
from that for any other value of k, but I have not ascertained 
whether the values other than unity do, or do not, give groups 
distinct from each other.” That different values of k may lead 
to distinct groups is very evident, and we shall assume that the 
question whose answer Cayley was seeking may be expressed 
as follows: Given m and n, and that k = 1 mod m, for what 
admissible values of k are the groups generated by s, and 8, dis- 
tinct? Even if this question should be more general than the 
one which Cayley had in mind, it relates to such a fundamental 
matter as to make a direct answer desirable. Partial answers 
may be found in various places, especially in a comparatively 
recent paper by Netto, + which is largely devoted to these ele- 
mentary groups. 

The conditions imposed on s, and s, are equivalent to the 
conditions that a cyclic group of finite order m is transformed 
into itself by an operator of finite order n. As a first result 
we have that the order of G, the group generated by s, and s,, 
is mn/l, where / is the number of operators common to the two 
cyclic groups generated by s, and s, respectively. Cayley im- 
plicitly assumed/7 = 1. When k = 1 mod m, G is either cyclic 
or the direct product of two cyclic groups. This special case 
will be excluded in what follows, as it is not included in the 
question under consideration. As s, and 8, are supposed to be 
non-commutative, there is some lowest power of s,, say 38,’, 


* Philosophical Magazine, vol. 18 (1859), p. 34. 
t Crelle, vol. 128 (1905), p. 243. 
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which is commutative with s,, * being a divisor of n. Since a 
cyclic group of order r has ¢(r) generators, ¢(r) being the 
totient of r, it results that $(r) different values of k give rise 
to the same group whenever one of them may be used for k. 
That is, all the numbers which may be used for & can be ar- 
ranged in sets of ¢(r), such that each set corresponds to the same 
group. It is not difficult to prove that whenever the values of 
k belong to two such sets the corresponding groups will also be 
distinct. In other words, there is a (1, 1) correspondence 
between these sets of ¢(r) numbers and the distinct groups ob- 
tained by using for & all the different numbers belonging to 
exponent 7. This theorem gives a complete answer to the 
question under consideration and its proof is contained in the 
following two paragraphs. 

Let H be the cyclic group generated by s,. If the values of 
k corresponding to two distinct sets of (7) numbers gave rise 
to the same group, the group corresponding to one of these 
sets would involve at least two invariant subgroups similar to 
H, each corresponding to a cyclic quotient group and hence 
involving all the commutators of G. Moreover, these two sub- 
groups H,, H, would have to be transformed differently by 
the operators of G. Let P be any Sylow subgroup of odd 
order p” contained in H,. If the operators of P are trans- 
formed according to a substitution whose order is prime to p, it 
is necessary that P be common to H, and H,, and hence it is 
transformed in the same manner underG. If the order of this 
substitution is not prime to p, the Sylow constituent of order 
p* in the commutator subgroup of G is common to H, and H,, 
and the generators of P and the corresponding subgroup in H, 
are transformed into themselves multiplied by operators of the 
same order under G.* Hence in every case the Sylow sub- 
groups of odd order in H, and H, are transformed in the same 
manner under 

If P is of order 2” (m > 2), its group of isomorphisms is the 
direct product of a cyclic group of order 2"-? and a group of 
order 2. Hence this group of isomorphisms contains two cyclic 
subgroups of every order greater than 2 and less than 2”~", and 
these two cyclic subgroups correspond to commutator sub- 
groups of different orders. From this it follows that P and 
the corresponding subgroup in H, are transformed in the same 


* BULLETIN, vol. 7 (1901), p. 350. 
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manner whenever P is transformed according to a cyclic group 
whose order exceeds 2. When a generator of P is transformed 
into its inverse or into its (2"~—' — 1)th power, the commutator 
subgroup is of order 2"-". In each of these cases, n must be 
divisible by 4 to insure more than one invariant P, and each 
such P must therefore be transformed in the same manner 
under G. Combining these results we have the theorem: 

If r is the lowest power of 8, which is commutative with s,, the 
numbers which can be used for k are precisely those belonging to 
exponent r modulo m, and all of these numbers less than m may 
be arranged into sets of $(r) such that those of the same set, but no 
others, correspond to the same group. 

For the sake of seeing more clearly the nature of the problems 
included under this theorem, we may consider the special case 
when m= 72 and n=r=6. Since the group of isomorphisms 
of the cyclic group of order 72 contains 14 operators of order 
6, there are 14 numbers which can be used for k, viz., 5, 7, 
11, 13, 23, 29, 31, 41, 43, 47, 59, 61, 65,67. As $(6) =2, 
these numbers may be arranged into pairs, each pair leading 
to the same group. These seven pairs are as follows : 


5, 29; 7, 31; 11, 59; 18, 61; 23, 47; 41, 65; 43, 67. 


Only three of these pairs lead to groups involving more than 
one invariant cyclic subgroup of order 72, viz., 7, 31;, 13, 
61; 43,67. The first and last of these three groups involve 
exactly three invariant cyclic subgroups of order 72, while the 
second involves six such subgroups. In each case, all of these 
invariant subgroups are transformed in the same manner-under 
G. It should not be inferred that all the invariant cyclic sub- 
groups of order m are transformed in the same manner under G ; 
the theorem merely implies that two invariant cyclic subgroups 
of order m which are transformed differently under G cannot 
both correspond to a cyclic quotient group of G. 

When n is a prime number p and G contains more than one 
invariant cyclic subgroup of order m, it is necessary that r = n, 
and in this case it is easy to prove that m is divisible by p’ 
when p> 2, and by p* when p= 2. Moreover, all the com- 
mutators of G are invariant and there is only one group for 
given values of m and 2 which involves more than one in- 
variant cyclic subgroup of order m. In fact, if G contains 
more than one subgroup of order m, it is necessary that m is 
divisible by p, since all the operators of G which are not in the 
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subgroup generated by s, have orders which are divisible by p. 
Moreover, two such cyclic subgroups would have in common 
all their operators whose orders are prime to p. Hence we 
have that G is the direct product of its Sylow subgroup of order 
p” and its other Sylow subgroups whenever it involves more 
than one subgroup of order m. As the group of isomorphisms 
of a cyclic group of order p*, p > 2, is cyclic, we have the theo- 
rem : 

When n is a prime p and G involves more than one subgroup 
of order m, these subgroups must be cyclic and invariant, and G 
is the direct product of the non-abelian group of order p™ involv- 
ing p cyclic subgroups of order p™—', and a cyclic group whose 
order is prime to p. 

It results from the last theorem that there is one and only 
one non-abelian group of order pg which contains more than 
one invariant cyclic subgroup of order g, whenever g is divisible 
by p’ or by p*as p is odd or even. When g is not divisible by 
one of these numbers, there is no such group. In particular, there 
is one and only one non-abelian group of order 2g involving two 
cyclic subgroups of order g whenever g is divisible by 8 and 
only then. If we let n= 2 in the example considered above, 
where m = 72, there are 7 numbers which can be used for k, 
viz., 17, 19, 35, 37, 53, 55, 71. The seven corresponding 
groups are distinct and only one of them (when k = 37) con- 
tains more than one cyclic subgroup of order 72. When 
n =r =p*, G cannot contain more than one invariant cyclic 
subgroup of order m unless m is divisible by p**? or p**? ac- 
cording as p is odd or even; and all these cyclic subgroups have 
in common the operators whose orders are prime to p in the 
subgroup generated by s,. The number of these invariant sub- 
groups cannot exceed p*®, where 8 is the largest number not 
greater than a which satisfies the condition that m is divisible 
by p***® when p > 2, and by p*t*+" when p = 2. 


| 
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NOTE ON THE THEOREM OF GENERALIZED 
FOURIER’S CONSTANTS. 


BY PROFESSOE W. D. A. WESTFALL. 


In the theory of the development of arbitrary functions f («) 
in series of normalized orthogonal functions y, («), 


== 
=0, i+k, 


=1, i=, 


sufficient conditions that ihis equality exists, and that the series 
converges uniformly, are in general that f(a) and its first m — 1 
derivatives are continuous in (a, 6) and satisfy homogeneous 
boundary conditions for «=a and x=6.* Then there fol- 
lows immediately the fundamental theorem of “generalized ” 
Fourier’s constants 


(1) =a, 


This note will give a simple proof that, in case (1) holds true 
for every function satisfying the above conditions, it holds true 
for every integrable function f(x), such that { f(a)}? is in- 
tegrable.t 

Since f(x) and { f(x)}* are integrable in (a, 6) there exists, 
for every e>0, a division of (a, 6) in a finite number of sub- 
intervals (,, 2), (Gy) %, = a, = 6, such 
that a function $(x) can be defined, having the following prop- 
erties : 


| $() | = lower bound of f(x) in (x, 2,,,) for 7,2 <2,,,, 
(2) f(x) = 0, 
<5. 


*D. Hilbert, “ Zweite Mitteilung iiber Integralgleichungen,’’ Goftinger 
Nachrichten, 1904. 

E. Schmidt, Dissertation, Gottingen, 1905. 

+ The theorem has been proven essentially by W. Stekloff with the restric- 
tion that f(z) be bounded, Mémoires de l’ Académie de St. Pétersbourg, 1904. 
The above proof is simpler and does away with this restriction. 


a, 
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Consider now a function F(x) defined as follows: in the 5-neigh- 
borhood of x, 


F(x) = $(2,+8)° 


fr (x + "dae 


F(x) = $(x,— , 


where 0 < 6 < minimum }(x, —~,_,), (i, k=1,2,---,). For 
other values of x, F(x) = G(x). F(x) and its first m—1 
derivatives are continuous and vanish for x=a= 2, and 
Moreover, 


(3) | F(x) = 0. 
Hence 


{(x)}? — { F(x)} ‘de |= + 


71 


+ 


Since $(z) is bounded, 8 can be chosen so small that 
(4) (oe)? — 
From (2), (3), (4) 
Fe) 
(fe) —F — 


From a known theorem there exists the following inequality 
for any set of continuous normalized orthogonal functions ¥,(x) 
and any integrable function f(x) such that |f(x)|is also 
integrable : 


| 
| 
| 
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(6) f {f{x)}*da = a3, @,= fix) v(x) da. 


Hence the identity exists 
+ f 43 +E (4,04, +09. 


Moreover 


or from (6) 


since | F(x) | =| f(x)| and F(x) f(x) = 0. 
Applying this inequality with (5) in (7), 


+2 (ite) 


This inequality holds for any e>0 and the corresponding 
function F(x). Hence the theorem : 

If for a set of normalized orthogonal functions (x) and every 
function f(x), which with its first m — 1 derivatives is continu- 
ous in (a, 6) and satisfies for x = a, x =b a set of homogeneous 
boundary conditions, there exists the equality 


| 
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then this equality holds true for every integrable function f (x) such 
that { f (2) }* is integrable. 
GO6TTINGEN, 
July 17, 1908. 


ON THE LOGICAL BASIS OF GRASSMANN’S 
EXTENSIVE ALGEBRA. 


BY MBE. A. B. SCHWEITZER. 


§1. 


In studying the algebra of Grassmann fundamentally, we 
must carefully distinguish between the Ausdehnungslehre 
proper and the Ausdehnungslehre in a broad sense. Grass- 
mann himself makes no rigid separation of the two viewpoints ; 
generally, however, the former is found in the edition of 1844 
and the latter isin the edition of 1862 and in various memoirs.* 
Briefly, we may say that the Ausdehnungslehre proper for n 
dimensions (n = 1, 2, 3, ---) isa development of n-dimensional 
euclidean geometry by means of the outer product of » + 1 
points, which fundamentally is reducible to sameness of sense of 
two (n + 1)-hedra. It consists of descriptive axioms and cer- 
tain axioms which relate exclusively to n-spatial congruence. 
On the basis of these axioms and their consequences, we arrive 
at the broader conception of the Ausdehnungslehre by means of 
suitable abstraction, the introduction of parameters, “ formaliza- 
tion,” ete.t 

§ 2. 


If we take three dimensions, the fundamental properties of 
the Ausdehnungslehre are as follows. Concretely expressed, 
the basal relation is sameness of sense of two tetrahedra (iden- 
tical or not) which is implied by what Grassmann has called 
“‘Gleichbezeichnung.” { This relation is fundamentally non- 
metrical, and solely in terms of it we may construct a system of 
postulates for three-dimensional descriptive geometry which is 


* Cf. the Collected Works of Grassmann. For references to the Ausdeh- 
nungslehre and related subjects we may refer to Macfarlane’s admirable 
bibliography, Dublin, 1904. 

t For instance, see Crelle, vol. 49, p. 123 ; Math. Annalen, vol. 12, p. 376; 
Ausdehnungslehre, 1862, 23 151-215 ; Study, Wiener Berichte, vol. 91, p. 111. 

¢ Coll. Works, I, p. 303, 304. 


= 
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sufficient for projective geometry. That two tetrahedra are 
“gleichartig” * implies that ‘they have the samie or opposite 
senses, 7. ¢., they are cospatial. Also four points a, 8, y, 6 form 
a tetrahedron if and only if the tetrad afy6 is in the relation 
of sameness of sense to itself; abstractly this is expressed by 
aBydKaByd or aBySK. We note that the element point and 
relation K are undefined symbols which are effective under the 
conditions specified in the postulates which involve them. If 
then aBydK, we have BaydK, aBydK Byad, aBydKyda8, but 
aByiK Bays; i. e., aByS and have the same sense, 
ete. The axiom of dimensionality is that aBydK, 
imply or This axiom is a char- 
acteristic of sameness of sense as distinguished from similarity 
of direction (gleichliufig).t Axioms of geometric connection 
are: if aByé is a tetrahedron, and £ is any point, then EByd 
or or aBES or aBy£& is a tetrahedron; if aByd and 
are two tetrahedra and £ + a, then afyé or afS£5 or aBy& 
is a tetrahedron; if afSy6 is a tetrahedron and & lies on 
the faces aBy and 286, then € is collinear with af (i. e., aBE5K 
for any 5). The following existential axioms are needed: 
there exists the tetrahedron 2,8,7,5,; if aByé is a tetrahe- 
dron, there exists a point £ such that a is in the interior of 
the tetrahedron Byd5£; if — is in the interior of aPyé, there 
exists an 7 such that 7 is on the plane £6 and’ betweeen a§.|| 
These axioms have a broader logical significance: the relation 
of sameness of sense is linearly transitive and symmetrical ; 
also the tetrahedra E85 and afyé have the same sense if & is 
collinear with a8 and EByé and afyé have the same sense, or if 
Eis on the plane aBy and EByd, have the same 
sense, or if the tetrahedra afy5, a8&5, have the 
same sense. Finally, if we add to the above properties the 
property of Dedekind continuity, which can be easily formulated 
in terms of sameness of sense in several elegant ways, we have 
all the descriptive properties necessary.§ 


* Grassmann, Coll. Works, I, p. 163. 

+ The rule over the K is a symbol of negation. 

¢ Grassmann, Coll. Works, I, p. 49, note 3. 

|| For the definition of betweenness, etc., cf. the definitions for the plane by 
the author, BULLETIN, November, 1906. 

2 For the precise abstract statement of these properties, proof of their suf- 
ficiency, as well as full formulation of the definitions of betweenness, com- 
planarity, etc., see a paper by the author offered to the Transactions for pub- 
lication. 
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§ 3. 


To the terms of the preceding relation of sameness of sense we 
give the character of magnitudes by expressing aBydKa’ B’y'5’ 
by = and postulating that the 
symbols (afy5/a'B’y'5’) are a complete set of real positive 
numbers (k).* The statement is expressed by afy5=0- 
a’ i. aByS = 0; aBydK is expressed by = I- 
aByS or aBy5 +0. We can now verify certain portions of 
§§ 96, 97 of Grassmann’s Ausdehnungslehre of 1844; for ex- 
ample, if a8y5 + 0, then 2By6 = k a,8,7,5, where k is a real 
number ;+ if a,8,7,5, = k,o,8,7,6, and a,8,7,5, = k,a,8,7,5, 
then for the sum we have a,8,7,5, + 4,8,7,5, = (k, + k,) a,8,7,6,, 
ete. Other properties of spatial congruence are that if aByé + 0, 
+ 0 and 68’ is parallel to aBy, then = I- ; and 
that the sum + + + aBy—E =I-aByd. Weare 
now able to prove the grassmannian numerical derivation of 
points, uniqueness of parallel line, derivation of vectors, ete.t 
The further procedure consists in admitting the point with 
weight zero and developing projective geometry. Grassmann 
clearly indicates the character of this development in the 
Ausdehnungslehre of 1844. In this connection one is re- 
minded of a hiatus in Grassmann’s calculus, namely, the ab- 
sence of an absolute theory of angles. Such a theory is cer- 
tainly desirable from a pedagogical as well as theoretical 
viewpoint; and the prospect for it on the basis of the preced- 


ing properties is very promising. However, from the above, 


we are already in a position to verify in a fundamental, logical 
manner that ‘“Grassmann’s Ausdehnungslehre is a shape into 
which projective geometry may be thrown.” § 


* Cf. Grassmann, Coll. Works, I, p. 138. 

If k >0 then afyé and are ‘‘ gleichbezeichnet ”’ ; if k + 0, aByé 
and 4,357.5, are ‘‘ gleichartig.’’ 

tCf. Grassmann, Coll. Works, I, 3110; Peano, Calcolo Geometrico. 

¢ Lasker, Proc. London Math. Society, vol. 28, pp. 217, 218. 
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GENERAL ALGEBRAIC SOLUTIONS IN THE 
LOGIC OF CLASSES. 


BY PROFESSOR L. M. HOSKINS. 


(Read before the San Francisco Section of the American Mathematical 
Society, February 29, 1908.) 


TuE following treatment of the problem of inference in the 
logic of classes possesses some interest from its analogy to gen- 
eral solutions in ordinary algebra. The character of the gen- 
eral solutions here considered is most simply illustrated by 
what may be called the generalized problem of the syllogism, 
which may be stated as follows : 

Let x, y, z be three class symbols, and let 


y) 0, SAY, 2) = 0, 


be any two propositions involving x, y and y, z respectively ; 
then it is required to deduce a proposition 


2) =0 
involving x and z but not y. 


The most general forms of the above propositions are (writ- 
ing x for 1 — 2, ete.) 


(1) f(x, y) = Lay + lay’ + + =0, 
(2) 2) = + + myz + myZ = 0, 
(3) Z) = + + + = 0, 


in which /, m,n are numerical coefficients ; and the non-vanish- 
ing of any coefficient (as m,) implies the vanishing of the corre- 
sponding class term (yz’). The problem is to express the 
coefficients in (3) in terms of those in (1) and (2). 

A solution is obtained in simple and symmetrical form by 
regarding (1), (2), and (3) as particular cases of the most general 
proposition involving x, y, z, 


(4) f(x, y, 2) = axyz + + + day'Z + ex'yz + 
Sayed + + ha'y7 =0. 
By Boole’s rule of elimination 


y) =f (x, 1) f (x, 0). 


| 
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Hence (1), (2), and (3) may be written 


(5) abay + + efx'y + gha'y = 0, 
(6) aeyz + bfyz + cegyz+ dhy2z =0, 
(7) acaz + bdxz' + egu'z + = 0. 


It is now easy by inspection to determine whether the non- 
vanishing of particular coefficients in (5) and (6) implies the 
non-vanishing of any coefficients in (7). For example, the 
non-vanishing of ab and cg implies the non-vanishing of ac ; 
i. e., the premises 

ay=0, yz=0 


imply the conclusion xz=0. On the other hand, no con- 
clusion can be drawn from 


xy = 0, yz =0 


since the non-vanishing of ab and 6f does not require the non- 
vanishing of any coefficient in (7). 

The above refers primarily to so-called universal propositions ; 
but the solution includes also particular propositions, if these 
are understood as affirming the existence of the classes referred 
to. Thus in (5), if any coefficient, as ed, is made zero while all 
others remain arbitrary, the proposition affirms the existence of 
the class xy’, since the four classes xy, xy’, x'y, x’y' cannot all 
be assumed to vanish without denying the existence of the 
“universe of discourse.” As an example of inference when 
one premise is particular, notice that if cd vanishes, while cg 
does not, we must have d = 0 and therefore bd = 0; i. ¢., from 
the premises 

ay +0, yz=0, 


may be inferred the conclusion xz’ + 0. 

Propositions involving more than three primary class terms 
may be treated in like manner, but the application to particular 
cases becomes rapidly less simple as the number of primary 
classes increases. 

The method applies also to the case in which 2, y, z repre- 
sent propositions instead of classes ; but interpretations in the 
logic of propositions involve some peculiar subtleties. 


| 
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A GENERAL DIAGRAMMATIC METHOD OF REP- 
RESENTING PROPOSITIONS AND INFERENCE 
IN THE LOGIC OF CLASSES. 


BY PROFESSOR L. M. HOSKINS. 


(Read before the San Francisco Section of the American Mathematical 
Society, February 29, 1908.) 


THE following method of representing class relations depends 
upon an analogy which is most simply explained in the case of 
propositions involving three class terms 2, y, z. 

Let the domain of any class x and that of its negative x’ be 


y’ 


Fie. 1. 


represented by two parallel faces of a cube, and let the other 
pairs of faces in like manner represent the domains of y, y’ and 
z, z respectively. Then the domain common to any two of 
the six classes x, x’, y, y', z, 2’ may be represented by the edge 
in which the corresponding planes intersect, while the domain 


OO 
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common to three of them will be represented by the vertex in 
which three planes intersect. This gives a symmetrical rep- 
resentation of the relations among the eight subclasses xyz, 

For practical use in the solution of logical problems, a con- 
venient diagram is obtained by drawing a plane projection of a 
cube and marking each face with its corresponding class symbol. 
At each vertex may be left a circular space which, in any given 
case, may receive a distinguishing mark in accordance with the 
import of a particular proposition. Such a diagram is repre- 
sented in Fig. 1. 

A symmetrical representation for the case of n primary class 
terms would require a figure in n dimensions. But a plane 
diagram for practical use may be made by repeating the diagram 
for the case of three terms. For example, the case of six pri- 
mary terms may be represented by eight cubes, each placed at 
a vertex of a larger cube. Thus the projection shown in Fig. 
1 might be drawn on a large scale, and a similar projection 
drawn in each of the vircular spaces; each of these smaller 
figures representing the relations of three primary terms uw, v, 
w and their negatives. 

For practical use a permanent diagram may be drawn upon 
a slate or blackboard, so that the marks used in particular 
problems may readily be erased. 


HEINRICH MASCHKE: HIS LIFE AND WORK. 


HEINRICH MascHKE was born at Breslau in Germany on 
October 24, 1853. He received his early education at the 
Maria-Magdalenen-Gymnasium of his native town, where his 
exceptional mathematical talent soon attracted the attention of 
his teachers. In 1872 he graduated from the gymnasium and 
entered the University of Heidelberg as a student of mathe- 
matics, the science which he had selected for his life study. 
After several semesters at Heidelberg, where he was initiated 
by Konigsberger into the mysteries of infinitesimal calculus, 
and at Breslau, where he served his year as “ Ninjahrig-Frei- 
williger” in the Prussian army, he went for three years to 
to Berlin, attracted by the famous triad Weierstrass, Kummer, 
and Kronecker, of whom Kummer seems to have had the most 
lasting influence upon his mathematical development. 
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In 1878 he passed with high distinction the government 
examination (Staatsexamen) in Berlin and in 1880 the doctor’s 
examination in Gottingen with a thesis “Ueber ein dreifach 
orthogonales Flachensystem, gebildet aus Flachen dritter 
Ordnung.” 

Soon afterwards he accepted a position as teacher of mathe- 
matics in the Luisenstadtische Gymnasium in Berlin. But 
though he was a most successful teacher, he soon felt that the 
work in the gymnasium, which consisted in teaching, for about 
twenty hours a week, arithmetic and the first elements of algebra 
and geometry, could not permanently satisfy him. As time 
went on, this feeling increased, especially after his return to the 
gymnasium, in 1887, from a year’s leave of absence spent at the 
University of Gottingen under Professor Felix Klein. But there 
was no hope that he could ever cross the almost insurmountable 
barriers between the gymnasium and the university, and only a 
radical step could bring the deliverance from an occupation 
which had more and more become an irksome burden. 

Shortly before, two of his nearest friends had, under similar 
circumstances, emigrated to the United States and soon found 
suitable positions. Their success and urgent persuasion deter- 
mined Maschke to throw up his position and follow their 
example. But as he did not wish to rely entirely upon the 
doubtful chances of finding a university position, he employed 
his leisure hours during the last year ‘of his stay at the gym- 
nasium in studying electrotechnics at the Polytechnicum in 
Charlottenburg. In July, 1890, he left the gymnasium for 
good, spent several months in practical electrical work in the 
Berliner Allgemeine Electricitatsgesellschaft, and completed his 
electrotechnical studies during the winter semester 1890/91 at 
the Polytechnicum in Darmstadt under Professor Kittler. 

Thus prepared he landed in New York April 1, 1891. Soon 
afterwards he found a position as electrician in the Weston 
Electric Instrument Company of Newark, N. J., and one year 
later he accepted a call as assistant professor of mathematics in 
the newly founded University of Chicago. 

Here at last he found the place best suited to his abilities, 
where he could freely develop his powers in a sphere of far- 
reaching usefulness,* and he has always gratefully acknowl- 
edged his deep indebtedness to this hospitable country of great 


* More than seventy of the present members of the American Mathematical 
Society have, at one time or another, attended Maschke’s courses. 


1908.] HEINRICH MASCHKE: HIS LIFE AND WORK. 87 


opportunities which has made it possible for him to live out his 
own life. 

With love and enthusiasm, and with the greatest success, he 
devoted himself to his new duties. His rare pedagogical talent, 
aided by his long experience in the gymnasium, his genuine 
scholarly spirit, a strong artistic sense which gave a special charm 
to his lectures, together with his fine personal qualities combined 
to make him an ideal teacher. His courses covered a wide 
range of different subjects: synthetic and analytic geometry, 
algebraic curves and differential geometry ; function theory, 
elliptic functions, linear differential equations; theory of 
equations, invariants, groups ; analytical mechanics, potential, 
electricity, —are only a partial list of the subjects on which 
he lectured in the course of the nearly sixteen years which he 
was connected with the University of Chicago, first as assistant 
professor, then as associate, and finally as full professor. 

As an investigator Maschke has made his mark in two differ- 
ent branches of mathematics: in the theory of finite groups of 
linear substitutions and in the theory of quadratic differential 
quantics. A detailed appreciation of his contributions will be 
given below; they are all distinguished by a peculiar beauty 
and elegance, emanating from that same artistic sense which 
made his lectures so attractive. 

Through his teaching, his publications, and his activity in 
the American Mathematical Society, especially the Chicago Sec- 
tion, Maschke has had a considerable share in the modern 
movement in mathematics in this country. He was a member 
of the Council in 1902-1905, and Vice-President of the So- 
ciety during 1907. In the same connection his address “ On 
present problems of algebra and analysis ” at the St. Louis in- 
ternational congress of 1904 should be mentioned. 

Many of the readers of these lines have known him person- 
ally ; they all remember his sunny disposition, his genuine 
kindness and modesty, qualities which quickly won him the 
hearts of all with whom he came in contact. But the peculiar 
charm of his personality lay in its harmoniousness as a whole, in 
the beautiful balance of his mental. and moral faculties which 
was the source of his quiet strength and manly dignity. 

Maschke had always enjoyed excellent health, and there 
was every prospect that he would live to old age. But it 
was not to be. Towards the end of 1907 symptoms of an 
internal disorder began to show themselves; an examination 


88 HEINRICH MASCHKE: HIS LIFE AND WORK. [Nov., 


which took place in the last week of February, 1908, revealed 
the necessity of an immediate operation, to which he succumbed 
on March 1. 


Maschke’s career as an investigator began in 1886 at Gottin- 
gen under the inspiring influence of Professor Felix Klein. 
Only two years before, Klein’s Vorlesungen iiber das Iko- 
saeder had been published, and in the meantime Klein * had 
developed the extension of his solution of the general equation 
of the fifth degree, in which the solution of an algebraic equa- 
tion of a given group is considered as a special case of the so- 
called form problem for a finite group of linear substitutions, 
i. e., the problem of determining the values of the independent 
variables of the substitution group when the values of the in- 
variant forms of the group are given. Hence the great inter- 
est which attached to the problem: to determine the complete 
system of invariant forms for a given finite group of linear sub- 
stitutions. For the binary groups this problem had been solved 
by Schwarz, Klein, and Gordan, for the ternary G,,. by Klein ; 
it was still unsolved for the remaining ternary groups and for 
the quaternary groups then known. The most interesting of 
the latter had been derived by. Klein, partly from line geometry, 
partly from the transformation theory of hyperelliptic functions, 
viz., 1) the so-called group of the Borchardt moduli, a group of 
64-720 substitutions, isomorphic with the alternating group of 
six letters ; 2) the group of Klein’s hyperelliptic moduli Z,, for 
the transformation of the third degree, a group of 51840 sub- 
stitutions, isomorphic with the group of the equation of the 27 
straight lines on the general cubic surface ; 3) a group of 2 - 7!/2 
substitutions, derived by Klein from the consideration of 
“supernumerary” line coordinates and isomorphic with the 
alternating group of seven letters. 

The first problem which Maschke took up, while still at 
Gottingen, was the determination of the complete system of in- 
variant forms for the group of the Borchardt moduli.+ Consider- 
ing the high order of the group, the problem seems at first 
sight one of appalling difficulty. But it was precisely this 
character of the problem which attracted Maschke ; he was a 
very adroit and indefatigable calculator and he delighted in 


*Compare Wiman’s article in the Encyklopadie, I B 3 f. 

+ ‘‘ Ueber die quaternire endliche, lineare Substitutionsgruppé der Bor- 
chardtschen Moduln,’’ Géttinger Nachrichten, 1887, p. 421, and Math. Annalen, 
vol. 30, p. 496 (June, 1887). 
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attacking a problem of apparently insurmountable difficulty, 
reducing first by preliminary ingenious devices the amount of 
necessary computation to a minimum and taking finally the 
rest by sheer force. After having derived a system of gen- 
erating substitutions for his group G in a particularly simple 
and handy form, he first determines without much difficulty the 
invariant forms for a certain invariant subgroup of G of 
order 64, They are five in number and of degree four, and 
they are linearly substituted among themselves under the ap- 
plication of the main group G. Next he introduces a linear 
combination ® of these five forms which is six-valued under a 
subgroup of G of index 2, and out of these six values of ® the 
invariant forms of G are finally built up. 

Maschke made an interesting application of his results to the 
solution of the general equation of the sixth degree.* By means 
of a Tschirnhausen transformation he identifies the general 
equation of the sixth degree with the resolvent equation satis- 
fied by the six values of the function ® mentioned above, and 
by combining this result with the known expressions for the 
invariants of a sextic in terms of the corresponding hyperellip- 
tic J-zero values, he obtains a solution of the general equation 
of the sixth degree in terms of hyperelliptie 3-zero valucs, anal- 
ogous to Hermite’s solution of the general quintic equation in 
terms of elliptic modular functions. 

The determination of the complete system of invariant forms 
of the quaternary group of 51840 substitutions,¢ which Maschke 
attacked next after his return to the gymnasium, was still 
more complex ; but he succeeded also in this case by similar 
methods. Here he starts by determining the complete system 
of invariant forms for that subgroup which leaves the plane 
z, = 0 unchanged and which turns out to be the hessian group 
of 6.216 ternary substitutions. He thus solves incidentally an 
important problem of the theory of ternary groups.t{ 

Also for the quaternary group of 2-7!/2 substitutions 


* ‘La risoluzione della equazione di sesto grado,’’ Rend. della R. Ace. 
dei Lincei, vol. 4, p. 181 (March, 1886). Another solution of the general 
sextic equation has been derived from Maschke’s resolvent for the function 
by Brioschi ; see the references in the Encyklopidie, I B 3 f, p. 550. 

+ ‘‘ Aufstellung des vollen Formensystems einer quaternaren Gruppe von 
51840 linearen Substitutionen,” Géttinger Nachrichten, 1888, p. 78, and Math. 
Annalen, vol. 33, p. 317 (June, 1888). 

{For still another ternary group or rather class of groups Maschke has 
determined the complete system of invariant forms, viz., for those so-called 
**monomial groups” which are-generated by two substitutions of the form 
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Maschke attempted to determine the complete system of in- 
variant forms. He succeeded * in solving, as a preliminary 
step, the problem for the subgroup of 2.168 quaternary substitu- 
tions isomorphic with Klein’s ternary G,,,, but the solution of 
the problem for the main group seems to have baffled his efforts. 
Still his occupation with this group led to an interesting geo- 
metrical investigation, the study of a configuration of 140 straight 
lines + defined as follows: Let x,,x,, . . ., 2, be supernumerary 
line coordinates connected by the two relations 


then according to a general theorem of Klein’s, every even per- 
mutation between the x’s is equivalent to a collineation between 
the point coordinates, and the totality of these collineations 
constitute the group in question, viewed as a collineation group. 

If these operations are applied to a line for which 
%,=2,=%, the line takes only 140 different 
positions, and this is the configuration which Maschke studies 
in detail. Among his results I will only mention that every 
line ZL of the configuration is met by 36 other lines of the con- 
figuration ; these 36 transversals intersect each other in hexads 
in 6 points of the line Z having a peculiar position which 
Maschke calls metharmonic ;{ they not only lie in three ways 
in involution, forming in proper notation the pairs 
(1, 4) (2, 6) (3, 5); (1, 5) (2, 4) (3, 6); (1, 6) (2, 5) (3, 4), 
but at the same time (1, 5) is harmonically divided by (2, 4) ; 
(2, 6) by (3, 5); (3, 4) by (1, 6). 

After the completion of the paper just mentioned, Maschke’s 
scientific productivity suffered an interruption of several years 


— = 233 23 2p 


see ‘‘On ternary substitution-groups of finite order which leave a triangle 
unchanged,’’ Amer. Journal of Math. vol. 17, p. 168 (December, 1894). 

*In 1888, published several years later in the Chicago Congress papers 
(1893), p. 175 under the title ‘‘ The invariants of a group of 2.168 linear 
quaternary substitutions.” 

t ‘‘ Ueber eine merkwiirdige Configuration gerader Linien im Raum,’’ Gét- 
tinger Nachrichten, 1889, p. 384, and Math. Annalen, vol. 36, p. 190 (July, 
1889). 

t Later on Maschke returned to such systems of metharmonic points in the 
paper ‘‘On systems of six points lying in three ways in involution ’’ (Annals 
of Mathematics, vol. 10, p. 22, December, 1895), where he studies the prop- 
erties of these point systems interpreted in the complex plane. 
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through his branching off into electrotechnics. The next paper * 
of importance is dated November, 1895 ; it is an application 
of Cayley’s representation of finite groups by color diagrams to 
the rotation groups of the regular bodies in three- and four-dimen- 
sional space. The results are remarkably simple and elegant ; 
for instance, the color diagrams in space for the groups of the 
three-dimensional regular polyhedra are simply obtained by 
truncating the vertices, choosing the sides of the polygons thus 
introduced for black lines properly provided with arrows, and 
the remaining portions of the sides of the original polyhedron 
for red lines without arrows. The space diagrams thus con- 
structed can be so projected into a plane that in the projection 
no two vectors intersect, a circumstance which makes these plane 
diagrams very perspicuous and useful for the study of the groups 
in question. 

During the following years Maschke returned to the theory of 
finite groups of linear substitutions, but his papers have an 
essentially different character from his earlier investigations in 
the same field. He turns from the consideration of special 
groups to the discovery of general theorems on finite groups of 
linear substitutions, some of which have proved of the greatest 
importance in the further development of the theory. 

The first of these theorems } states that every finite group of 
linear substitulions can be so transformed that in all its substitu- 
tions all the coefficients are cyclotomic, i. e., rationally expressible 
in terms of roots of unity, provided that the group contains at 
least one substitution whose multipliers are all different. The 
starting point for his proof is the theorem due to Jordan and 
Frobenius that for every linear substitution of finite period the 
multipliers are roots of unity, and he establishes his theorem 
step by step, first for the sum of the diagonal terms, then for 
the diagonal terms themselves, next for the terms of the first 
column, and finally for all the coefficients. 


* ‘“The representation of finite groups, especially of the rotation groups 
of the regular bodies of three- and four-dimensional space, by Cayley’s color 
diagrams,’’ Amer. Journal of Math., vol. 18, p. 156, and Gé6ttinger Nach- 
richten, 1896, p. 1 (November, 1895). 

+ ‘‘ Ueber den arithmetischen Charakter der Coefficienten der Substitutio- 
nen endlicher linearer Substitutionsgruppen,’’? Math. Aunalen, vol. 50, p. 
492 (November, 1897). The paper is a sequel to the note ‘‘ Die Reduction 
homogener Substitutionen von endlicher Periode auf ihre kanonische Form,”’’ 
Math. Annalen, vol. 50, p. 220 (March, 1897). Maschke’s cyclotomic 
theorem has since been generalized in various directions by Burnside and 
Schur. 


| 
| 
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Perhaps of even greater importance is the following theorem * 
to which Maschke was led in the course of the proof of his 
cyclotomic theorem: Every finite group of linear substitutions, all 
of whose substitutions contain in the same place (not in the prin- 
cipal diagonal) a coefficient equal to zero, is intransitive, 1. e., it 
can be so transformed that the new variables fall into a number 
of sets such that the variables of each set are transformed among 
themselves. In Burnside’s terminology, the essential part of 
the theorem may be briefly formulated as follows: Every group 
of linear substitutions of finite order is completely reducible. 

In his proof Maschke makes use of the theorem which had 
been discovered shortly before by Loewy and Moore, that every 
finite group of linear substitutions leaves at least one definite 
hermitian form unchanged. 

In the same year Maschke completed still another irvestiga- 
tion on linear substitutions, viz., the determination of all ternary 
and quaternary collineation groups which are holoedrically iso- 
morphic with the symmetric and alternating permutation groups. 
His solution of this beautiful problem is based upon the theorem 
on hermitian forms just mentioned and upon a theorem due to 
Moore, giving the generational relations for the abstract groups 
holoedrically isomorphic with the symmetric and alternating 
groups. By a skilful application of these two theorems 
Maschke obtains with comparatively little computation the com- 
plete solution of the problem. 

During the winter of 1900, while he was giving a course on 
differential geometry, Maschke discovered a symbolic method for 
the treatment of differential quantics, and his scientific activity 
during the remaining years of his life was devoted to a detailed 
and systematic development of this discovery. 

Maschke starts from the remark that if F', F?,.-., F" aren 
invariants of the quadratic differential quantic 


(4,,= 4, 1, k= 1, 2, ---, n), 


* See first reference in the last foot-note, where the theorem is proved under 
the same restricting assumption which is made in the cyclotomic theorem, 
and ‘‘ Beweis des Satzes, dass diejenigen endlichen linearen Substitutions- 
gruppen, in welchen einige durchgehende Nullen vorkommen, intransitiv 
sind,’’? Math. Annalen, vol. 52, p. 363 (December, 1898), where this restric- 
tion is dropped. Other proofs of the theorem have since been given by 
Frobenius, Burnside and Schur, a generalization by Loewy. 

+ ‘‘ Bestimmung aller terniren und quaterniren Collineationsgruppen, 
welche mit symmetrischen und alternierenden Buchstabenvertauschungs- 
gruppen holoedrisch isomorph sind,’’? Math. Annalen, vol. 51, p. 253 (No- 
vember, 1897). 


ik? 
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then the expression 
(F', FY, ..., =|a, 


is also an invariant of A. By means of this theorem it is easy 
to build up invariants for those special differential quantics A 
which are squares of complete differentials 


dx, = (df) = (f,dx,+ --- +f,dx,)’, 


of 

and for systems of such quantics 
A= (Uf, A= (YY, 


for instance * 


etc., where u, v are arbitrary functions of 2,, x,, ---, #,, are 
such invariants. 

But every such invariant is at the same time an invariant for 
the general quantic A, provided it is homogeneous and of the 
second degree in the quantities f!, in the quantities f?, etc. Thus 
the expression (df)? may be used as a symbol for the quadratic 
differential A in the same sense in which a® is used as a symbol 
for the general binary n-ic in the ordinary theory of invariants, 
and (df')’, (df*),. . ., ete., as equivalent symbols for A, if A’, 
A’,. . . coincide. Thus for instance the above invariants, con- 
sidered as symbolic expressions, have a real meaning for the 
general quantic A, viz., they are respectively equal to n!, the 
“first differential parameter” A,u, and the “ intermediate dif- 
ferential parameter” V(u, v). 

The remark that the total differential 


dF = Fdx,+---+F dx, 


of an invariant F is a covariant of A, leads to symbolic expres- 
sions for covariants ; for instance the symbolic expression 


represents a quadratic covariant. 


* Maschke uses the more condensed notation (f)?, (uf)?, (uf)(of). 
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A symbolic expression which contains higher derivatives of 
the symbolic function f does not always have a real meaning, 
but only if these derivatives occur in certain combinations ; the 
simplest combination of this kind, f,f,,, is equal to Christoffel’s 
triple index symbol of the first kind 


Hence it follows, for instance, that the symbolic expression 


has a real meaning; it is equal to (n—1)! into the “second 
differential parameter ” A,u. 

Maschke first explained his method, in a preliminary way, 
for the special case n = 2 in the paper “A new method for 
determining the differential parameters and invariants of quad- 
ratic differential quantics.”’ * 

In a later paper, “ A symbolic treatment of the theory of in- 
variants of quadratic differential quantics of n variables,” + 
Maschke gives an elaborate and systematic development of his 
method for the general case of n variables. Very simple sym- 
bolic expressions are obtained for Christoffel’s triple index 
symbol of the second kind, {7}, his quadruple index symbol 
(tkrs), the quadrilinear covariant G,, etc., and finally the three 
simplest general invariants (proper) of the second order are 
determined. 

The great power of Maschke’s symbolic method can best be 
seen from the applications which have been made to differential 
geometry in three-dimensional space by A. W. Smith in his 
doctor dissertation,{ “The symbolic treatment of differential 
geometry,” and to various problems of differential geometry in 
hyperspace by Maschke himself in his last two papers, “ Dif- 
ferential parameters of the first order” § and “ The Kronecker- 
Gaussian curvature of hyperspace.”’ || 


* Transactions of the American Mathematical Society, vol. 1, p. 197 (April, 
1900). 
¢ Ibid., vol. 7 (1907), p. 33. 

t Ibid., vol. 7. An interesting connection between Maschke’s symbolic 
method and vector analysis has been established by L. Ingold in his doctor 
dissertation, ‘‘ Vector interpretation of symbolic differential parameters.’’ 

2 Ibid., vol. 7, p. 69 (dated September, 1905). 

| 1bid., vol. 7, p. 81 (dated September, 1905). 
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In the first of these papers he determines all directions of a 
space R, of » dimensions through a point P of #,, which are 
normal to all the directions of a second space R, containing the 
point P, when R, and R, are both immersed in a general 
space R, whose arc element is given by 


ds* = 


In the second paper he develops the symbolic expression for 
Kronecker’s extension of Gauss’s curvature of a surface to a 
space of n dimensions R,, immersed in a euclidean space of 
nm + 1 dimensions, in terms of the symbols of the differential 
quantic 


ds’ = La,,dudu, (i, k= 1, 2, ---, n), 


which defines the are element of R,, and then generalizes his 
results to a space R, of ’ dimensions immersed in a general 
space of n dimensions, and defined by n — A relations 


U’ = const, U"=const, ---, = const. 


Further applications are sure to follow, and Maschke’s sym- 
bolic method will doubtless play in the theory of differential 
quantics a role similar to that of the ordinary symbolic method 
of Aronhold and Clebsch in the theory of algebraic quantics, 
thus, together with his contributions to the theory of linear sub- 
stitution groups, securing him a permanent place in the history 
of mathematics. 

OskaR Bouza. 


FREIBURG, I. B., 
August 8, 1908. 


NOTES. 


At the annual meeting of the AMERICAN MATHEMATICAL 
Socrety, to be held in the last week of December, President 
H.S. Wurre will deliver his retiring address, the subject of 
which will be “ Bezout’s theory of resultants and its influence 
on geometry.” 


THE second regular meeting of the Southwestern Section of 
the AMERICAN MATHEMATICAL Society will be held at the 
University of Kansas, Lawrence, Kansas, on Saturday, Novem- 
ber 28. Titles and abstracts of papers to be presented at this 
meeting should be in the hands of the Secretary of the Section, 
Professor O. D. Kellogg, University of Missouri, Columbia, 
Mo., on or before November 14. 
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The concluding (October) number of volume 9 of the Trans- 
actions of the AMERICAN MATHEMATICAL SOCIETY contains 
the following papers: “ Boundary values and expansion prob- 
lems of ordinary linear differential equations,” by G. D. BrrK- 
HOFF ; “ An application of the form problems associated with 
certain Cremona groups to the solution of equations of higher 
degree,” by A. B. Coste; “On the differential equations of 
the equilibrium of an inextensible string,” by E. B. Wi1son ; 
“The properties of curves in space which minimize a definite 
integral,” by Max Mason and G. A. Buss; “ The second 
derivatives of the extremal integral,” by ARNOLD DRESDEN ; 
‘Sets of metrical hypotheses for geometry,” by R. L. Moore; 
“< Notes and errata, volume 9.” 


The concluding (October) number of volume 30 of the Am- 
erican Journal of Mathematics contains the following papers : 
‘“<On a group of transformations which occurs in the problem of 
several bodies,” by E. O. Loverr; “ Normal curves of genus 
6, and their groups of birational transformations,” by V1irGiL 
Snyper ; “On the range of birational transformations of curves 
of genus greater than the canonical form,” by Vinci SNYDER; 
“ A set of assumptions for projective geometry,” by OswaLD 
VEBLEN and J. W. Youne ; “On the pentastroid,” by R. P. 
STEPHENS ; “ A table of the values of m corresponding to given 
values of ¢(m),” by R. D. CARMICHAEL. 


THE seventy-eighth meeting of the British association for 
the advancement of science was held at Dublin, September 
2—9, 1908, under the presidency of Professor F. Darwin, Dr. 
W. N. Suaw being chairman of section A, mathematics and 
physics. Twenty-four papers, mainly on physical or astro- 
nomical subjects, were read, many of which took the nature of 
symposia. The next meeting will be held at Winnipeg, Canada, 
opening August 25, 1909, under the presidency of Professor J. 
J. THOMSON. 


Tue thirty-seventh annual meeting of the French associa- 
tion for the advancement of science was held at Clermont-Fer- 
rand, August 3 to 10, 1908, under the presidency of Professor 
P. APPELL, dean of the faculty of sciences of the University 
of Paris. The following papers were read before Sections one 
and two, mathematics, astronomy, geodesy and mechanics. By 
E. N. Baristen, “Solution of the equation of the third 
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degree” ; by E. Bort, “ Instruction in mathematics given by 
the universities”; by A. Boutin, “On a certain group of 
numbers” ; by A. Boutin, “ Development of 7/N in a contin- 
ued fraction, and the solution of Fermat’s equations”; by 
E. Legon, “ Investigation of prime factors of large numbers ” ; 
by A. PELLET, “On equations having only real roots” ; by P. 
APPELL, ‘On a theorem relative to the initial displacement of 
a system without friction”; by A. Gérarpin, “Study of 
numbers in affinity”; by A. GéRaRDIN, “On the solution 
of the equation 2? + ay’ = A’ in terms of positive integers ” ; 
by A. GérarRDIN, “General solutions of the equation 
ax’? + by’ = cz + dt?” ; by J. Ricnarp, “Some points in the 
philosophy of mathematics” ; by J. Ricuarp, “ Instruction in 
astronomy”; by T. Rousseau, “ Elementary geometry based 
on the group of displacements” ; by J. WEtscu, “On homo- 
graphic correspondence and its application to the solution of a 
large number of problems” ; by H. Curétien, “The comet 
Daniel 1997-d and its spectrum ” ; by H. Curérren, “ A new 
model for spectroheliography ” ; by L. Lipert, “ A catalogue 
of twenty-five meteors ”; by E. Bextor, “ Essay on cyclonic 
cosmogeny.” 

The next meeting of the association will be held at Lille in 
1909, sections one and two under the chairmanship of Profes- 
sor E. 


THE annual list of American doctorates published in Science 
presents for the academic year 1907-1908 360 names, of which 
184 are credited to the sciences. The following 22 successful 
candidates offered mathematics as major subject (the titles of 
the theses are appended): E. G. Bruix, Yale, “ An a priori 
existence theorem for three dimensions in the calculus of 
variations” ; R. L. BorGEr, Chicago, “On the determination 
of ternary linear groups in the Gaiois field of order p’” ; G. 
G. CHAMBERS, Pennsylvania, ‘‘ The groups of isomorphisms of 
the abstract groups of order pq”; G. M. ConwE Lt, Prince- 
ton, “The 3-space projective geometry (3, 2) and its group” ; 
Miss E. B. Cow.ry, Columbia, “ Plane curves of the eighth 
order having two four-fold points with distinct tangents and no 
other point singularities ” ; C. F. Craic, Cornell, ‘‘ On a class 
of hyperfuchsian functions” ; F. J. HoLpEr, Yale, “ Multiple 
series ;” L. INGoLD, Chicago, “ Vector interpretation of sym- 
bolic parameters” ; F. Irwin, Harvard, “The invariants of 
linear differential expressions”; N. J. LENNEs, Chicago, 
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“ Curves in non-metrical analysis situs, with applications to the 
calculus of variations and differential equations” ; J. J. Luck, 
Virginia, “The structures of the non-integrable groups of seven 
parameters” ; E. B. Lyt ez, Yale, “ Multiple series over iter- 
able fields” ; C. N. Moore, Harvard, “On the theory of con- 
vergence factors and some of its applications” ; F. W. OWENs, 
Chicago, ‘‘ The introduction of ideal elements and construction 
of projective n-space in terms of a plane system of points in- 
volving order and Desargues’s theorem” ; E. C. F. PHILLIps, 
Johns Hopkins, “On the pentacardioid;” J. H. Scar- 
borouGH, Vanderbilt, “The computation of the orbit of a 
planet ” ; Miss M. E. Srnciarr, Chicago, “Ona compound dis- 
continuous solution connected with the surface of revolution of 
minimum area”; H. L. Stoprn, Clark, “On plane quintic 
curves’; Miss A. L. VAN BENSCHOTEN, Cornell, “The bi- 
rational transformations of algebraic curves of genus 4” ; 
N. R. Witson, Chicago, “ Isoperimetric problems which are 
reducible to non-isoperimetric problems”; H. C. Wo.rr, 
Wisconsin, ‘‘ The continuous plane motion of a liquid bounded 
by two right lines”; Miss E. R. Wortuineton, Yale, 
“Some theorems on surfaces.” 

The number of American doctorates in mathematics for each 
year of the last decade is 13, 11, 18, 8, 7, 14, 21, 11, 13, 22. 


TuHE Italian scientific society has awarded its gold medal for 
his researches in mathematics to the late professor G. PIccraTI, 
of the University of Bologna. 


Proressor C. SomicLiana, of the University of Turin, has 
been elected member of the Accademia dei Lincei. 


Proressor E. ALMANsI, of the University of Pavia, has 
been elected corresponding member of the institute of Lombardy. 


Proressor F. SEvERI, of the University of Padua, has been 
elected corresponding member of the Institute of Venice. 


Proressor V. VOLTERRA, of the University of Rome, has 
been elected foreign associate of the academy of sciences of 
Halle. 

Dr. R. Bonowa has been appointed docent in projective and 
and descriptive geometry at the University of Pavia. 

Dr. M. N. VANECEK, of the Bohemian technical school at 
Prague, has been promoted to an associate professorship of 
mathematics. 
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Proressor W. FEnssNER, of the University of Marburg, 
has been made honorary professor. 


Proressor R. FRIcKE, of the technical school at Brunswick, 
has declined a call to the professorship of mathematics at the 
technical school at Hanover. 


Proressor H. A. Lorentz, of the University of Leiden, 
has been elected foreign knight of the order pour le mérite in 
sciences and arts. 


ProFessor H. Porncareé has been elected honorary member 
of the physico-chemical society of Erlangen. 


Mr. R. F. Scorr has been elected master of St. John’s Col- 
lege, Cambridge, in succession to the late Dr. C. Tay ior. 


Proressor M. LacomsgE, of the technical school at Ziirich, 
has been appointed professor of geometry at the University of 
Lausanne, as successor to the late Professor Joly. 


Dr. H. Husson has been appointed professor of mechanics 
at the University of Caen. 


Proressor M. Duuac, of the University of Poitiers, has 
been appointed professor of mathematics at the scientific school 
of Algiers. 


Dr. M. BoureeEots has been appointed professor of astronomy 
and geodesy at the Ecole polytechnique of Paris, to succeed 
Professor H. Porncars&, who has retired. 


Proressor A. S. Cuessin, of Washington University, St. 
Louis, has been granted a year’s leave of absence. 


Mr. F. H. Hopce has been appointed professor of mathe- 
matics at Parsons College, Fairfield, Towa. 


At the University of North Carolina, Professor A. HENDER- 
son has been promoted to a full professorship of mathematics. 
Mr. G. K. G. Henry and Mr. J. C. Hues have been appointed 


instructors in mathematics. 


AT the University of Kansas Mr. G. W. HarrwE 1, of 
Columbia University, has been appointed assistant professor of 
mathematics; Dr. P. WERNICKE, of Washington University, 
Mr. M. Gapa and Mr. C. A. Pierce have been appointed in- 
structors in mathematics. 
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At the Worcester Polytechnic Institute Professor L. L. 
ConanT has been promoted to the head professorship of mathe- 
matics ; Professor A. D. BuTTERFIELD, of the University of 
Vermont, has been appointed assistant professor of mathe- 
matics; Mr. J. J. BuLLARD and Mr. J. H. REDFIELD have 
been appointed instructors in mathematics. 


Proressor G. A. Buss, of Princeton University, has been 
appointed associate professor of mathematics at the University 
of Chicago. 


Proressor T. E. McKinney, of Wesleyan University, has 
been appointed professor of mathematics at the University of 
South Dakota. 


Mr. N. C. Riaes has been appointed assistant professor of 
mathematies at the Carnegie Technical School at Pittsburg. 


Dr. W. B. Stone and Mr. J. B. CLEVELAND have been 
appointed instructors in mathematics at the University of 
Michigan. 

Mr. H. F. MacNetsH has been appointed instructor in 
mathematics at Princeton University. 


Dr. R. L. Moore, of Princeton University, has been ap- 
pointed instructor in mathematics at Northwestern University. 


Dr. E. B. Lyte has been appointed instructor in mathe- 
matics at the University of Illinois. 


Mr. C. W. Coss has been appointed instructor in mathe- 
matics at Amherst College. 


ReEcENT catalogues of second hand mathematical books: 
Conrad Skopnik, Berlin N. W. 7, Prinz Louis Ferdinandstrasse 
1, catalogue no. 39, 95 titles on mathematics. — Theodor 
Ackermann, Munich, 10 Promenadeplatz, catalogue no. 572, 
903 titles, partly mathematical. — J. Schweitzer, Munich, Len- 
bachplatz 1, catalogue no. 45, 76 titles. — Eduard Beyer’s 
Nachfolger, Vienna, Schottengasse 7, catalogue no. 48, exact 
sciences, 2250 titles. 
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NEW PUBLICATIONS. 
I. HIGHER MATHEMATICS. 


AHRENS (W.). See StAcKEt (P.). 


Anprews (W.S8.). Magic squares and cubes. Chicago, Open Court Pub- 
lishing Co., 1908. 8vo. 6+199 pp. Cloth. $1.50 


Barre (R.). Lecons sur les théories générales de l’analyse. Vol. II: Vari- 
ables complexes. Applications géométriques. Paris, Gauthier-Villars, 
1908. 8vo. 10-+ 347 pp. F. 12.00 


BraascH (J.). Historisches iiber die Simpsonsche Regel und deren Anwen- 
dungen. (Progr.) Hamburg, 1908. 4to. 13 pp. 


BreuM (E.). Particulare Integrale des Problems der n Korper. (Diss. ) 
Berlin, 1908. 8vo. 55 pp. 


CouturAT(L.). Die philosophischen Prinzipien der Mathematik. Deutsch 
von Siegel. Leipzig, 1908. 8vo. 12+ 326 pp. M. 8.50 


Dorner (O.). Ueber Teiler von Formen. (Diss.) Konigsberg, 1908. 8vo. 
67 pp. 

Feur (H.). Application de la méthode vectorielle de Grassmann 4 la géo- 

métrie infinitésimale. 2e édition. Genéve, George Co., 1908. 8vo. 

4 pp. F. 4.00 


Fuss (P. H. von). See Stricken (P.). 


GraF (J. H.). Einleitung in den Gebrauch des freien Integrationsweges 
bei bestimmten Integraien. Bern, Wyss, 1908. 8vo. 7-46 pp. 
M. 1.20 


Gursk1 (V.). Ueber den Zusammenhang zwischen den partikuliren 
Lésungen der einzelnen Gebiete bei der hypergeometrischen Differential- 
gleichung dritter Ordnung mit zwei endlichen singuliren Punkten. 
(Diss. ) Kiel, 1908. 8vo. 60 pp. 


HAENTZSCHEL (E.). Ueber ein orthogonales System von bizirkularen Kurven 
4ter Ordnung. (Progr.) Berlin, Weidmann, 1908. 8vo. 28 pp. 
M. 1.00 


Hirine (G.). Lehrbuch der analytischen Geometrie der Ebene fiir die 
Oberstufe der héheren Lehranstalten und zum Selbstunterricht. Miin- 
chen, Oldenbourg, 1908. 8vo. 7+59 pp. Boards. M. 0.90 


Hass (P.). Zur Definition des Begriffs der eindeutigen analytischen Funk- 
tion. (Diss.) Kiel, 1908. 

Hevsset (G.). Ueber permutable Gruppenbasen aus zwei Elementen. 
Giessen, 1907. 8vo. 44 pp. 

Jacosi (C. G. J.). See Stacker (P.). 


Kostxa(C.). Tafeln fiir symmetrische Funktionen bis zur elften Dimension. 
Mit kurzen Erlaiuterungen. (Vrogr.) Insterburg, 1908. 4to. 10 pp. 


KowatewskI (G.). Leibniz iiber die Analysis des Unendlichen. Eine 
Auswahl Leibnizscher Abhandlungen aus dem Lateinischen iibersetzt 
und herausgegeben. (Ostwald’s Klassiker, 162.) Leipzig, Engelmann, 
1908. 8vo. 84pp. Boards. M. 1.60 
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La MErTHODE de travail des mathématiciens. Enquéte de ‘‘ L’ Enseignement 
Mathématique.’? Publiée par H. Fehr. Bale, 1908. 8vo. oo 


Lerpniz. See KowaLEwskI (G.). 

LILIENTHAL (R. von). Vorlesungen iiber Differentialgeometrie. Band I: 
Kurventheorie. (Sammlung Teubner, 28.) Leipzig, Teubner, 1908. 
8vo. 6+ 368 pp. Cloth. M. 12.00 


Mosnat (E.). Problémes de géométrie analytique. Vol. III: Géométrie a 
trois dimensions. 2e édition. Paris, Vuibert et Nony, 1908. 8vo. 
428 pp. 

PrerzKeR (F.). Kegelschnittslehre im Zusammenhang mit den Anfangs- 
griinden der analytischen Geometrie. (Teil III des Lehrgangs der Ele- 
mentarmathematik.) Leipzig, Teubner, 1908. 8vo. 96 pp. M. 1.80 


PINcHERLE (S.). Lezioni di algebra complementare, dettate nella r. uni- 
versita di Bologna, e redatte per uso degli studenti. Part II: Teoria 
delle equazioni. Bologna, Zanichelli, 1908. 8vo. 356 pp. L. 10.00 


ProscHEK (J.). Inversion beim Hyperboloide. Elbogen, 1907. 8vo. 
20 pp. 

Rotorr (H.P.). Zur Kenntnis der stetigen Funktionen, die sich in einem 
Punkte nicht durch Fourier’sche Reihen darstellen lassen. (Festschrift. ) 
Bergedorf, 1908. 8vo. 13 pp. 

Severi (F.). Lezioni di geometria algebrica: geometria sopra una curva ; 
superficie di Riemann ; integrali abeliani. Padova, Draghi, 1908. 4to. 
6 + 345 pp. L. 6.00 


Srecet. See Coururat (L.). 


Stricker (P.) und Anrens(W.). Der Briefwechsel zwischen C. G. -J. 
Jacobi und P. H. von Fuss iiber die Herausgabe der Werke Leonhard 
Eulers. Herausgegeben, erlautert und durch einen Abdruck der Fuss- 
chen Liste der Eulerschen Werke erginzt. Leipzig, Teubner, 1908. 
8vo. 12+ 184 pp. M. 8.00 

UrtzMann (R.). Ueber den Zusammenhang der rationalen, trigono- 
metrischen und elliptischen Funktionen. (Progr.) Hamm, 1908. 8vo. 
58 pp. 

Veccnietti (E.). L/infinito: saggio di psicologia della matematica. 
Milano, Segati, 1908. 8vo. 15-+181 pp. L. 4.00 


Il. ELEMENTARY MATHEMATICS. 


Branrorp (B.). A study of mathematical education, including arithmetic. 
6d. 


London, Froude, 1908. 8vo. 404 pp. 4s. 
CIAMBERLINI (C.). Algebra pratica per la —- yng delle scuole normali. 
2a edizione. Torino, Paravia, 1908. 8vo. 72 pp. L. 1.20 


—— Algebra pratica per le scuole tecniche. 2a edizione. Torino, Paravia, 
1908. 63 pp. L. 1.00 
Crantz (P.). Arithmetik und Algebra zum Selbstunterricht. Teil IL: 
Gleichungen, arithmetische und geometrische Reihen; Zinseszins- und 
Rentenrechnung; komplexe Zahlen ; binomischer Lehrsatz. we 
1903. 8vo. 1.00 
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CrELLE (A. L.). Calculating tables; giving the products of every two 
numbers from 1 to 1000 and their application to the multiplication and 
division of all numbers above 1000. New edition by O. Seelinger; with 
tables of the square-numbers and cube-numbers from 1 to 1000. New 
York, Lemcke and Buechner, 1908. Cloth. $5.00 


ENRIQUES (F.). Fragen der Elementargeometrie. Deutsche Ausgabe von 
H. Fleischer. Teil If: Die geometrischen Aufgaben, ihre Loésung und 
Lésbarkeit. Leipzig, Teubner, 1908. 8vo. 248 pp. M. 9.00 


GiorLI (E.). L’aritmetica et la geometria dell’ operaio, per le scuole pro- 
fessionali, d’arti e mestieri, tecniche, ferroviarie, ad uso dei capi operai 
eoperai. 2a edizione rifatta ed ampliata. Milano, Hoepli, 1908. 16mo. 
11 + 196 pp. 

(A.). Traité d’algébre 4 l’usage des éléves de mathématiques A et 
B et des candidats aux écoles. 4e édition. Paris, Vuibert et Nony, 
1908. 8vo. 498 pp. F. 6.00 

Ign (A. E.). Key to knotty points in algebra. London, Normal press, 
1908. 8vo. 1s. 6d. 

Kissex (F.). Zum Unterrichte in der Zins- und Rentenrechnung an héheren 
Lehranstalten. Kaiserslautern, 1907. 8vo. 69 pp. M. 1.80 

Latsant (C. A.). Iniziazione alle matematiche. Tradutto per G. Lazzeri. 
Firenze, Barbéra, 1908. 16mo. L. 

LAPLANCHE (G. DE). Etudes sur les angles imaginaires. Paris, Hermann, 
1908. 8vo. 135 pp. F. 3.00 

LeMarRE (G.). Méthodes de résolution et de discussion des problémes de 
géométrie. 3e édition. Paris, Vuibert et Nony, 1908. 8vo. 223 pp. 

Lyman (E. A.). Plane geometry. New York, American Book Company, 
1908. 12mo. 5+ 228 pp. Cloth. $0.75 

MANUEL d’algébre et de trigonométrie; par une réunion de professeurs. 
Paris, Poussielgue, 1908. 16mo. 8 + 216 pp. 

Pritzner (P.). Ueber den didaktischen Wert zusammenhingender Auf- 
gabengruppen im mathematischen Unterricht. Beispiele mit besonderer 
Beriicksichtigung schwieriger Determinanten. (Progr.) Dresden, 1908. 
4to. 32 pp. 

Rossorri (M. A.). Formulario scolastico di matematica elementare (arit- 
metica, algebra, geometria, trigonometria). Milano, Hoepli, 1908. 
16mo. 14-+ 195 pp. 

SEELINGER (O.). See CRELLE (A. L.). 


Weltst (H.). Bedeutung und Behandlung der Gleichungen im mathema- 
tischen Unterricht. (Progr.) Gérlitz, 1908. 4to. 23 pp. 


Ill. APPLIED MATHEMATICS. 


Avani (O.). Corso di disegno geometrico, ad uso delle scuole secondarie. 
Modena, Luppi, 1908. 8vo. 50 pp. L. 2.20 


Bicuet (H.). Ueber ein nicht-holonomes System: Die Rollbewegung einer 
Kugel in einer Kugelschale. (Diss.) Strassburg, 1908. 8vo. 40 pp. 


CoMBETTE (E.) et Grrop (J.). Cours de mécanique pour la classe de mathé- 
matiques spéciales. Paris, Alcan, 1908. 8vo. 438 pp. 


Grrop (J.). See CoMBETTE (E.). 
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Grace. Earthwork tables for calculating the cubical contents of cuttings. 
New York, Spon and Chamberlain, 1908. 4to. Cloth. $5.00 


DarstellendeGeometrie. TeilI. Elemente; ebenflichige 
Gebilde. 2te vermehrte und verbesserte Auflage. 2ter neu durchge- 
sehener Abdruck. (Sammlung Goschen, 142.) Leipzig, Géschen, 
1908. 16mo. 207 pp. Cloth. M. 0.80 


(A. H.). Stresses in structures and the accompanying deformations. 
2nd edition. New York, Wiley, 1908. 8vo. 16 + 324 pp. aay” ™ 
3. 


Laver (L.). Ueber die an einem Teslapol auftretenden Potentiale und das 
Verhiltnis von Funkenschlagweite und Spannung an demselben. ( Diss. ) 
Gottingen, 1907. 8vo. 46 pp. 

LEATHEM (J.G.). The elementary theory of the symmetrical optical instru- 


ment. (Cambridge mathematical tracts, 8.) Cambridge, Oneriy 
ay) 1908. 8vo. 81 pp. 2s. 6d. 


McLeop (C. H.). Elementary descriptive geometry. 2nd edition, revised. 
New York, Wiley, 1908. “8vo. 9+118 pp. Cloth. $1.50 


Miter (E.). Lehrbuch der darstellenden Geometrie fiir technische Hoch- 
Band I. Leipzig, Teubner, 1908. 8vo. 14+ 368 pp. Cloth. 
M. 12.00 


ScHILLER. Die Bewegung einer homogenen Kugel auf einer materiellen 
Parabel unter dem Einfluss der Schwerkraft. (Diss.) Leipzig, 1908. 
Svo. 45 pp. 

Troye (O.). Zur experimentellen Bestitigung des Grundgesetzes der 
Dynamik. (Progr.) Konigsberg, 1908. 8vo. 30 pp. 

Use of formulas in mechanics, New York, Industrial press, 1908. 8vo. 
48 pp. $0.25 

Witiiamson (H.). Tables for setting out curves. London, Spon, 1908. 
16mo. 2s. 


